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Abst rac t  
In a remarkable recent paper, Junge and Pisier (1995) prove that there are several distinct 
C*-norms on the tensor product ~(~)  ® ~(Jt~), where ~( ) f )  is the C*-algebra of bounded 
linear operators on the usual Hilbert space ,~. To give a quantitative version of this result, they 
introduce the function 
;.(n) = sup flmin : U a tensor with rank at most n in .~(,~) ® ~( ,~)  , 
and prove cn l /8~ 2(n)<~ n 1/2 for n > 2. In this note, we use Ramanujan graphs to get 
1 1/2 5n < 2(n) for any n = q + 1, q a prime power. From this we deduce 
" . ~ 2 (n)  1 
lm In] _ >~ - -  
. . . .  x/n 2x/3" 
For a pair A, B of C*-algebras, denote by A ® B the algebraic tensor product of 
A and B. It is a well-known fact in the theory of C*-tensor products (see e.g. [91) that 
all C*-norms II'H on A ® B lie between a smallest one, the minimal tensor norm 
II " I[min, and the maximal tensor norm II " I[max: 
II" ILml. I1" Iq li" llma,- 
(Recall that the minimal tensor norm can be realized by choosing faithful representa- 
tions of A, B on Hi lbert  spaces ~,  ~,  respectively, and  real iz ing A ® B on the Hi lbert  
space off ®z  ,~.)  Fo l lowing  Lance [5"1, we say that  a C*-a lgebra A is nuclear if, for any 
C*-a lgebra B, the norms [q • qkml, and  ]L" H max coincide on A ® B. Let A °p denote the 
opposite C*-a lgebra of A, i.e. the C*-a lgebra with mul t ip l icat ion defined in reverse 
order. For  a long while, it was an open quest ion whether  it was sufficient o require 
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that II' Ilmin and [l'llmax coincide on A ® A °p to ensure that A is nuclear. In [3], 
Kirchberg proved that the answer is actually negative. This led him to formulate two 
problems. 
Problem A. Do II " Iimin and II " tlm,~ coincide on M(o~eg) ® :~(ogg), where M(~)  is the 
C*-algebra of all bounded operators on a separable infinite-dimensional Hilbert 
space? 
Problem B. Do t1" Ilmin and II ' IImax coincide on C*(a-oo) ® C*(L~), where C*(Lo~) is the 
full C*-algebra of the free group U-oo on countably many generators? (C*(Q-o~) is the 
biggest C*-algebra generated by countably many unitaries with no relation among 
them). 
The interest of these problems stems from the role played by M(off) and C*(0_o~) in 
C*-algebra theory: any separable C*-algebra embeds into M(~'f'), while any unital 
separable C*-algebra is a quotient of C*(a_o~). It has to be noted that M(Jg) and 
C*(Lo~) are both isomorphic to their opposite algebra. In [4], Kirchberg proved the 
following remarkable result. 
Theorem 1. The norms Ir " Ilmi. and " Ilmax do coincide on M(:~ff) @ C*(Q-o~). 
After that, the following result of Junge and Pisier came as a surprise (Corol lary 3.1 
in [2]). 
Theorem 2. The norms I]" Itmin and II" Ilmax do not coincide on ~(~)  ® ~(gff). 
So the answer to Problem A is negative, while Problem B remains open, as far as we 
know. 
Junge and Pisier also obtain a quantitative version of Theorem 2. Indeed, for an 
integer n ~> 2, set 
fN U]lma~) 
= sup  
where the supremum is taken over all tensors u e ~(o~¢ ') ® ~(~)  with rank at most n. 
Then 1 (see Theorem 2.8 and Remark 4.12 in [2]): 
Theorem 3. There exists a constant c such that for any n > 2: 
cn 1/8 ~ 2(n) ~< n x/2 . 
Actually, this goes through are-interpretation f Problem A, due to Kirchberg [3], in terms of separability 
of certain metric spaces associated with operator spaces. But we are trying to keep a long story short; see 
Sections 2 and 3 in [2] for details. 
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Junge and Pisier ask for the asymptot ic behaviour of )L(n). Using the work of 
Lubotzky, Phillips and Sarnak on Ramanujan graphs, we are going to prove the 
following: 
Proposition 1. For infinitely many integers n: 
First, we need a lower bound on 2(n) that appears in Remarks 2.10 and 2.11 of [2], 
and which is based on an idea of S. Wassermann. Denote by k, the free group on 
n generators al .. . .  , a,. Let C, be the infimum of all numbers C > 0 with the following 
property: there exists a sequence (nk)k ~ ~ of unitary, finite-dimensional representations 
of n_, such that 
i=~l (7~k @ ~,n)(ai) ~ C for all k # m, 
(where if,, denotes the contragredient representation of n,,). It follows from an analysis 
of the argument in 2.10 of [2], together with (4.13) of the same paper, that 
n 
(,) - -  <~ ;~(n) .  
C, 
It is noticed in 2.11 of [2] that C2 = 2 (it is not known whether 2(2) > 1). On the 
other hand, the existence of residually finite groups F with property (T) which are 
quotients of k, (e.g. F = SLs(7/)) easily implies that C, < n for n >~ 3, hence 2(n) > 1; 
the idea of exploiting property (T) in operator  theory is due to Voiculescu [11]. 
More recently, Pisier obtained the following lower bound 2 on C, (Lemma 2 in [8]). 
Theorem 4. For n >~ 2, one has C, >~ 2x /n -  1. 
Pisier actually conjectures that equality always holds. We shall confirm this conjec- 
ture in the next proposit ion, from which Proposit ion 1 immediately follows, taking 
( • ) into account. 
Proposition 2. Let p be an odd prime number. Then Cp+ 1 = 2nip.  
Proof of Proposition 2. We follow the construction of nonbipart ite Ramanujan 
graphs given in Chapter  7 of Lubotzky's  book [6], especially in Theorem 7.4.3. So, 
2 This bound is a functional analytic analogue of the lower bound of Alon-Boppana on the maximal 
nontrivial eigenvalue of a family of k-regular graphs: if (X,),~> 1 is a family of finite, connected, k-regular 
graphs whose number of vertices goes to ~, then lim inf,_ ~ )~(X.) ~> 2xfk - 1, where 2(X,) = max {121:2 is 
an eigenvalue of X,, with 2 # _+ k} (see [6], 4.5.5). 
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denote by D the Hamilton quaternion algebra, viewed as an algebra over Q; let D x be 
the multiplicative group of D, and let G' be the quotient of D ~ by its centre; we view G' 
as an algebraic group defined over Q. Let 2~[1/p] be the smallest subring of Q con- 
taining 1/p; set F(1) = G' (7/[1/p]) and, for N nondivisible by p, define the congruence 
subgroup F(N) as the kernel of the reduction modulo N: 
F(N) = Ker [G'(7/[1/p]) --+ G'(7/N~_)]. 
Set F = F(2). Recall that D splits at p, so that G'(Qp) is isomorphic to PGL2(Qp). It 
turns out that F acts simply transitively on the tree ~ of PGL2(Qp), i.e. on the 
(p + 1)-regular tree (see Lemma 7.4.1 in [6] for p --- 1 (mod 4), and [1], 9.5 and 9.7 for 
p = 3 (mod 4)). Let S be the symmetric generating subset of F naturally associated 
with that action, i.e. the set of elements of F that take the basepoint of ~ to each of its 
p + 1 neighbours; let SN be the image of S in F/F(N). For N even (so that F(N) is 
contained in F), the Cayley graph fgN of F/F(N) with respect to SN is a (p + 1)-regular 
Ramanujan graph; this means that all eigenvalues of the adjacency matrix AN of 
fqN are contained in [ -2x /~,  2x/-p ] u { _+(p + 1)}; see [6], 4.5.6 and 7.3.1. Notice that, 
if PN denotes the right regular representation f F/F(N) on d2(F/F(N)), viewed as 
a representation f F, we have 
AN = Z pN(S). 
After these preliminaries, we may really begin the proof. Let ql < q2 < " ' "  be an 
infinite sequence of primes such that ql - 1 modulo 4p (such a sequence xists, by 
Dirichlet's theorem on primes in arithmetic progressions). Set Nk = 2" ql q2 "'" qk. The 
sequence (F(Nk))k>~ 1 is a family of congruence subgroups that decreases to the identity 
ofF. On the other hand, it follows from the quadratic reciprocity law and the Chinese 
remainder theorem that p is a square modulo Nk. The assumptions ofTheorem 7.3.12 
of [6] (or Theorem 7.4.3 when p -  1 (rood4)) are then satisfied, so that fqN~ is 
a (p + 1)-regular nonbipartite Ramanujan graph, i.e. - (p  + 1) is not an eigenvalue of 
AN~. Denote by p~,~ the restriction of PN~ to the orthogonal of constants in 
{2(F/F(Nk)). By the Ramanujan property, we have 
(**) ~sP~k(s) <<- 2x/P. 
Now, consider the (countable) set of all mutually inequivalent irreducible components 
of all representations P~k (k ~ ~); put this set into a sequence (re,,)m>--1. For m # n, 
choose k big enough so that rem ® ~, factors through F/F(Nk). Since re,, and re, are 
inequivalent, the trivial representation does not occur in rein ® Z~,, SO that all irredu- 
cible components of rem ® ~, are contained by P~k. By ( • • ), we then have 
~S(rem®~,)(S) <~ 2w/P. 
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It remains to notice that, since IS] = p + 1, there is an epimorphism ~-p+l ---* F that 
maps {al, ..., ap+ 1} onto S, so that we may view the 7Zm'S as representations of Iv+ 1; 
this gives Cp+ 1 ~< 2wfP. The converse inequality follows from Theorem 4. [] 
Remark.  Let q = p" be a prime power. Using quaternion algebras over the field Drq(X), 
Morgenstern produced families of (q + 1)-regular nonbipart ite Ramanujan graphs 
(see [7], Theorem 4.13 for p odd, and Theorem 5.13 for p = 2). Using the version of 
Dirichlet's Theorem 3 available for the ring ~-q[X] (see e.g. the 'Coronidis loco', 
Section 12 of Ch. X I I I  in [12]), it is possible to mimic the above proof  to obtain 
Cq ÷ 1 = 2 x/~ also in this case. 
We now show that the function n ---, C. is subadditive. 
Lemma.  For m, n >~ 1, one has Cm÷n <~ Cm + Cn. 
Proof. Let c~ be the epimorphism ~-m+. ~ ~-m x 0_, defined by 
S(al, 1) for 1 ~< i ~< m, 
~(ai) 
[(1,ai-m) for m+l~i~m+n.  
For a representation n of L,~ and a representation p of L~, form the tensor product 
n ® p, a representation of Lm x n_n. As a consequence of the triangle inequality, one has 
i~1 (rt®P)(ai' l)+ j=,  ~' (x® o)( l 'a j )  
<~ i:~ (rt®o)(a"l) + j~l ( r t®o) ( l 'a j )  
: I i~ ln (a i , ]®l  + l®[2=~p(a , ) ]  
Taking for rt and p tensor products of finite-dimensional unitary representations, and 
viewing 7t, p as representations of ]_,. +, via the epimorphism ~, we immediately get the 
desired result. []  
Remark.  A similar argument, using an epimorphism ~-m, ~ k,, x ~_., also shows that 
n --, C. is submultiplicative, i.e. C,,~ <<, C~C~. 
With this we dedu~,z an asymptot ic behaviour for Cn. 
3 Actually, for q = 2", one does not need Dirichlet's theorem; indeed, according to Theorem 5.13 of [7], one 
just need a sequence (gm)m~> a of irreducible polynomials of even degree in g:q[X]; the existence of this 
sequence follows from the classification result for finite fields. 
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Proposition 3. lim sup ,~ C,/~/~ <~ 2~/3. 
Proofi Assume first that n is even; we appeal to the famous result of Vinogradov 
[10] that any sufficiently large odd integer is the sum of three primes. So, for n big 
enough, we find primes p, q, r such that n -3=p+q+r  or, equivalently, 
n = (p + 1) + (q + 1) + (r + 1). By the lemma and Proposition 2, we have 
Cn <~ Cv+l -k Cq+ l q- C,+l = 2(~/p q- N/~ W ~/r). 
Then 
c .<2 
v/n ~/p+q+r+3 ~/p+q+r  
by the Cauchy-Schwarz inequality. 
For n odd, we use the lemma to get C, ~< C,_ 1 + 1 and reduce to the 
case. 
From the inequality ( . ) ,  it follows immediately that 
,~(n) i 
lim inf ~ ~> 2,v/3" [] 
preceding 
Added in Proof. We recently improved Proposition 3 by showing that 
l im..  00 C./~/-n = 2, thus proving Pisier's conjecture asymptotically (see An application 
of Ramanujan graphs to C*-aloebra tensor products II, to appear in S6minaire de 
th6orie spectrale t g6om6trie, Grenoble). Using inequality (.), this yields 
lim inf._.o~ 2(n)/x/~ ~> 1/2. 
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